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Modd Specifics

Linear Oscillations

In this section, we will investigate anew modd that can be viewed as an extension, or
application, of the models previoudly studied. This application concerns the motion, of either
aparticle or arigid body, after it is displaced from its equilibrium position. (The equilibrium
position isthe position at which thetotal force acting on the object is zero.) The model
hypothesizes the existence of aforce that actsto return the object to its equilibrium position.
Thisforce istermed the restoring force. Furthermore, the magnitude of this restoring force
will berestricted to be linearly dependent on the magnitude of theinitial displacement from
equilibrium. This meansthat the farther the object is displaced from equilibrium, the larger
the magnitude of the force acting to return it to equilibrium. When these two criteria are met,
we will show that the object s position will oscillate about the location of its original
equilibrium position.
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Linear Osallaions

Concepts and Principles

Imagine an object at rest at its equilibrium position, for example, a pendulum hanging straight
downward, an object dangling from an elastic cord, or adiving board perfectly horizontal.
When these objects are displaced from equilibrium, and released, they return toward their
equilibrium position. However, their trip back toward equilibrium invol ves repeated
oscillations about the location of equilibrium. If theinitial disturbanceis small enough, all of
these systems exhibit mathematically similar behavior. This chapter explores the similarities
in their oscillatory behavior.

We will analyze in detail the maotion of a common oscillator; a mass attached to the end of a
spring. We will investigate the resulting motion both without including the effects of friction
(undamped) and including the effects of friction (damped). Y ou should then be able to
generalize these results for arbitrary oscillatory systems.

Undamped Spring-Mass Oscillator

One of the smplest systems exhibiting oscillatory
behavior isthe spring-mass system pictured at left. A
m linear spring of constant k is attached to amass m. The
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Now imagine the block is pulled to the right and let go. Hopefully you can convince yourself
that the block will oscillate back and forth. Let s apply Newton s Second Law at the instant
the massisat an arbitrary position, X. The only force acting on the mass in the x-direction is
the force of the spring.

2F =ma
Fspring =ma
—-ks=ma

Because of our choice of coordinate system, the stretch of the spring (s) is exactly equal to the
location of the block (x). Therefore,

-kx=ma
Note that when the block is at a positive position, the force of the spring isin the negative

direction and when the block is at a negative position, the force of the spring isin the positive
direction. Thus, the force of the spring always acts to return the block to equilibrium.



Rearranging gives

and defining a constant, o, as

(Granted, it seems pretty silly to define ¥/, as the square of a constant, but just play along.
You may also find it frustrating to learn that this omega isnot an angular velocity. The
block doesn t even have an angular velocity!)

yields,

d?x

- WX =
dt?

Therefore, the position function for the block must have a second time derivative equal to the
product of (- w’) and itsalf. The only functions whose second time derivativeis equal to the
product of a negative constant and itself are the sine and the cosine functions. Therefore, a
solution to this differential equation®

d?x

X =
dt?

can be written:
x(t) = Acos(at + ¢)
or equivalently with the sine function, where A and @ are arhitrary constants.

* A isthe amplitude of the oscillation. The amplitude is the maximum
displacement of the object from equilibrium.

* @isthephase angle. The phase angleis used to adjust the function forward
or backward in time. For example, if the particleis at the originatt=0s, @
must equal +7v2 or -1v2 to ensure that the cosine function eval uates to zero
att=0s If the particle isat its maximum position at t = O s, then the phase
angle must be zero or Ttto ensure that the cosine function evaluatesto +1 or
-lat=0s

L A differential equation is an equation involving a function and its derivative(s).

2 To prove to yourself that thisisindeed the solution to the equation, you should substitute the function,
x(t), into the left side of the equation and the second derivative of x(t) into theright side. This will verify
that the two sides of the equation are equal . In addition to mathematically verifying this solution, you
should verify the solution physically by sketching a graph of the motion that you know would result if
the block were displaced to the right and comparing that sketch to a sketch of the function.



» wistheangular frequency of the oscillation.®
Note that the cosine function repeats itself when its argument increases by 21t Thus, when
Alat +¢) =21
the function repeats. Since w and @ are constant,
A(at + ¢) = aAt
Therefore, the time interval when
al\t =27

isthetime interval for one complete cycle of the oscillatory mation. The time for one
complete cycle of the motion istermed the period, T. Thus,

T:E
w

Therefore, the physical significance of the angular frequency isthat it isinversely
proportional to the period.

Subgtituting in the definition of w:

yields

In summary, a mass attached to a spring will oscillate about its equilibrium position with a
position function given by:

3 Again, note that w is not the angular velocity. The block is not rotating; it does not have an angular
velocity.



x(t) = Acos(at + ¢)

-
k

Since we have an understanding of the position of the oscillating object as a function of time,
we have a compl ete kinematic description of the motion.

Thisfunction repeats with a period of

Damped Spring-Mass Oscillator

Imagine the same scenario investigated above, a block displaced to the right of equilibrium by
adistance x. However, let stry to incorporate the frictional forces acting on the block. Let s
imagine that the primary frictional force acting on the block is proportional to the block s
velocity.*

I:friction = —bV
dx
F... =-p—
friction dt

The negative sign impliesthat the direction of the frictional force is opposite to the direction
of the block svelocity. The constant, b, istermed the drag coefficient.

Applying Newton s Second Law now yields:

SF = ma
2
- B = X
dt ot

Thisis obviously a much more complicated differential equation to solve. Let s seeif we can
make any headway by thinking physically about the equation.

| would expect a solution that till oscillates like a cosine function, but with amplitude that
gradually decreases due to friction. Therefore, apossible solution is

X(t) = Ae™ cos(w't + ¢)

* Thisis not the same type of frictional force investigated in previous models. The sliding friction model
introduced in Modd 2 isindependent of the velocity of the object. The friction model introduced here,
termed drag, is directly proportional to velocity.



where A and @ are arbitrary constants. If you substitute this function and its derivatives into
the above equation, you will seethat it isa solution of the differential equation only if:

b

2m

and

W=+ -a?

Although thisresult was produced in a whirlwind of (unseen) mathematics, it does have a
number of physical properties that make it plausible. For one, if there isno damping (b = 0),
thena =0, W =w, and x(t) is exactly the sameasit was in our original undamped case, asit
must be. Also, noticethat W <wif damping is present. With a smaller angular frequency, the
period of the oscillation islonger, which it should be if friction is present.
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A Vertical Spring-Mass System

An 80 kg bungee jumper is about to step off of a platform high above a raging
river and plummet downward. The elastic bungee cord has an effective spring
constant of 35 N/mand isinitially slack, although it beginsto stretch the
moment the jumper steps off of the platform.
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the horizontally-oriented spring-mass system. Once we show thisto be
true, all of the resultsderived for the horizontal case will also be true for
the vertical case.

Firg, let splace the origin of our coordinate system at the equilibrium
location of the bungee jumper. Note, theinitial position of the jumper is
not the equilibrium position. The equilibrium position is where the net
force on the bungee jumper is zero.

+X Sequilibrium

t |

To find the equilibrium position:

2F =ma

- I:gravity + I:spring =ma
—mg+ ksequilibrium =m(0)
s _mg

equilibrium
k



Now let s apply Newton s second law when the jJumper isat an arbitrary position, x, with the
origin of the coordinate system at the equilibrium position.

I:Spring
A
+X
I v
FGra/ity

A

S
“equilibrium

2F =ma
- I:gravity + F

-mg +ks=ma

spring =ma

Where s isthe dretch of the spring. The spring i sstretched by an
amount

S=S

equilibrium

- X
Therefore,
= Mg + K(Sequitirium ~ X) = Ma
—mg + k(% ~x)=ma

-mg+mg —kx=ma

-kx=ma
_k_d®x
m dt?

Thisis exactly the sasme differential equation solved earlier. Thus, the motion of the bungee
jumper must be described by

X(t) = Acos(at + ¢)

Now let s determinethe values of w, A and @

From
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Since A isthe maximum displacement of the object from equilibrium,
A = Sequilibrium
A= E
k
80(9.8)
35
A=22.4m

A=

So now we have
X(t) = 22.4c05(0.661t + ¢)
and all that sleft to determineis @ Att =0, the bungee jumper isat x = 22.4 m. Thus,

X(t) = 22.4c05(0.661t + ¢)
X(0) = 22.4c05(0.661(0) + ¢)
22.4 = 22.4cos(¢)

1=cos(®)

=0

Thisreally shouldn t surprise you since if you graphed the jumper s motion it would be a
perfect cosine function with noinitial phase shift. Thus, the position of the bungee jumper as
afunction of timeis:

X(t) = 22.4c05(0.661t)

Since we have the position of the jumper at al times, we can determine everything about the
jumper smotion. For example, her velocity

v(t) = %

v(t) = % (22.4c0s(0.661t))
v(t) = -14.8sin(0.661t)
and her maximum speed

Voo | =14.8m/ s

max|

which occurs as she passes through the equilibrium position.
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Her acceleration

EY0)
dt

a(t) = %(—14.85in(0.66]1))

a(t) =

a(t) = —9.8cog(0.661t)
and her maximum accel eration
|8y | =9.8m/ s?

which occurs the instant she steps off of the platform (and at the very bottom of her motion).

Thetimefor her to travel through an entire cycle

ro2m
w
217
~ 0.661
T =9.51s

And on and on and on...
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The Physical Pendulum

A 0.4 kg meterstick is hung from a pin attached to one end. The meterstick is
displaced by 0.1 radian (5.7°) from equilibrium (straight down) and released.
After ten complete cycles, the amplitude of the oscillation has decreased to 0.08

radian. Assume a drag force proportional to the speed of the CM of the stick
acts at the location of the CM.

Foin, v At left isafree-body diagram of the meterstick when it isat an angle 6 from
' equilibrium, and moving counterclockwise, i.e., swinging up to the right.

Since the oscillatory behavior is occurring in the angular direction, let swrite
Newton s second law in angular form:

2T =la

Z-drag + Z-gravity = |0'

L
Firag SN 90——(mg)sm 0=

A meterstick can be approximated as a thin rod, and a thin rod rotated about

y its CM hasrotational inertia ¥/, mL2 We need the rotational inertia about an
5 axis at one end, so we must use the parallel-axis theorem with rey = L/, Thus,

2
X IzerM +ICM

| = m(L)2 L
2 12

|:1mL2+imL2

4 12
I :EmLZ
3
So
_L 2
5 = Farag sm90——(mg)sm9 (—mL )a

1 . 1
-=F, . ——mgsnéd==—mLa
2 drag Zm 3

13



Since the magnitude of the drag force is proportional to the speed of the CM,

I:drag = bVCM
and®
V=ra
L
Veu = E w

the drag can be written as
L
Foag = b(E @)

resulting in:

1,.L 1 ) 1
-~(b=w))-=mgsnfd==-mLa
2((2 ) ng 3

1 1 ) 1
-—bLw-—mgsnfd==mLa
4 2rng 3

Multiplying by 3/L yields:

_@w__&ng snd=ma
4 2L
2
-39 ng- 0T _ 46
2L 4 dt dt*

Since the angle of displacement issmall, we will use a common approximation for small
angles:

snfd=§6

(For the maximum angle attained by our metergtick, sin (0.1) = 0.0998)

® The win the following relationship is the angular velocity of the meterstick (which varies asthe
meterstick oscillates), not the angular frequency of the meterstick (which is a constant). | know they are
the same symbol, but try to keep them straight by examining the context in which they appear.
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Using this approximation, our equation becomes:

_3mg,_3bdo_ d6

m
2L 4 dt dt?

Thisis exactly the same differential equation as the damped linear oscillator,

2
kx-b X =X
dt  dt®

e kisreplaced by 3&

2L
* bisreplaced by @
4
e andthe position (x) isreplaced by the angular position (6).

Thus, the effective spring constant is

3b
and the effective damping coefficient is 7 .

Sinceit isthe same differentia equation, the motion of the meterstick must be described by
the same function:

a(t) = Ae™ cos(w't + ¢)
Now let s determinethevaluesof A, @ o and w':

Since the meterstick isdisplaced by 0.1 radian from equilibrium and then rel eased,

A=01rad

Since the maximum displacement of the meterstick occursatt=0s,

9=0

In the original differential equation

_ b
a__
2m

3b
Since the effective damping coefficient is 7 ,
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3
(?)
a=—
2m
)
a =
8m
__3b
8(0.4)
a =0.938b
In the original differential equation
k
w=,|—
m
Since the effective spring constant is 32”']_9

Notice that the angular frequency in the undamped case does not depend on the mass

of the meterstick.
2
w= 3(9.8m/s%)
2(1m)

w=3.83s"

Finally
W=V’ -a’
w'=+/3.83? - (0.9380)°
@w=+/14.7 - 0.880b’
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Putting it al together,
6(t) = 0.1e7°%%" cog(w't)

with

w =+/14.7 -0.880b>

Now we can use the information about the effects of damping to determine b. We know that
at atime egual to ten periods, the amplitude is 0.08 radians. Since theinitia amplitude of the

motion was 0.1 radian, the exponential factor, exp(—0.938bt) , must be equal to 0.8 when t
=10T:

exp(—0.938b(10T)) = 0.8
2, _
exp(—9.38b(;)) =0.38

b
exp(-58.9—) =0.8
p( L

- 58.93 =1n(0.8)
W
b _
-589— =-0.223
W
b 3.79x10°3
W
b=3.79x10%

b =3.79x107°1/14.7 — 0.880b?
b* =1.43x107°(14.7 - 0.880b%)
b? =2.11x10™* -1.26x10°b?
b? =2.11x10™*

b=0.0145kg /s

Thus,
w =+/14.7 - 0.880b>

w =+/14.7-0.000185
« =3.83™

Notice that the change in angular frequency due to damping is extremely small. (It is so small
that it does not have an effect in the first three significant figures of the angular frequency.)

17



Finally,

6(t) = 0.1e ¥ c0g(3.83t)
6(t) = 0.1e7°9" cog(3.83t)

Thisisa complete description of the motion of the meterstick. Asin the first example, we can
determine anything we desire about the mation of this meterstick through a manipulation of
this function.
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Activities
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