épird Physcs

Model Four

T.he rig d-.body rm.del



Copyright ' 1994-2006
Paul D Alessandris
Spiral Physics
Rochester, NY 14623

All rights reserved. No part of this book may be reproduced or transmitted in any
form or by any means, electronic or mechanical, including photocopying, recording,
or any information storage and retrieval system without written from the author.

This project was supported, in part, by the National Science Foundation. Opinions expressed are those of
the author and not necessarily those of the Foundation.

V-2



Modd Specifics

W\& are now ready to consder how the actual sze and shape
of an object affectsits motion. The most immediate
ramification of thisModel isthat the objects we study can
now rotate. However, there are fill three important
restrictionsto the types of motionswill weinvestigate.

The object is rigid.

The size and shape of the object under investigation do not change during the mation.

The rotation is planar.

Thisrestriction may take some explaining. Imagine an object spinning in place. The axis (real
or imaginary) about which the object spinsisreferred to asthe rotation axis. Note that all
pointsthat lie on the rotation axis do not move. All other points on the object, however,
exhibit circular motion around the rotation axis.

If the object, in addition to spinning, is also moving, this model will restrict us to motions
where the center-of-mass moves exclusively in the plane perpendicul ar to therotation axis. |
will refer to thisas planar rotation.

For example, ayo-yo is an object that typically movesin a plane perpendicular to itsrotation
axis. Thus, we can study the motion of most yo-yos. The motion of awhed istypically in a
plane perpendicul ar to itsrotation axis. Thus, we can study the motion of most wheels. The
motion of the earth around the sun, however, isbeyond this model s capabilities since the
rotation axis of the earth istilted relative to the plane of the earth smotion. A wobbling top is
also beyond this model s capabilities (although a steadi ly spinning top isnot).

The object is classical.

V-3



Kinemdics
Concepts and Principles

Rotation about a Fixed Axis (Spinning)

Imagine arigid body constrained to rotate about afixed axis. Non-physicists would say that
the object is spinning.

Place the origin of a coordinate system at the location of the
rotation axis. Examine an arbitrary point on the object,
denoted by the position vector

r(t) =r(cosé(t)i +sind(t)j)

or

r|)=rp

Notice that as the object spins, this point undergoes circular
motion (denoted by the dashed line). Although the actual
object may be of irregular shape, asit spins every point on
the object undergoes circular motion. Moreover, since each
and every point on the object has to complete an entire
cycle around the rotation axisin the same amount of time,
every point must undergo circular motion with the same
angular speed (w(t)) and the same angular acceleration

(a(®).

Since every point on arigid body must have the same angular speed and the same angular
acceleration, we will speak of the angular speed and angular accel eration of the object, rather
than the angular speed and angular acceleration of some point on the object.

Given that every point on a spinning object undergoes circular mation, the results from our
study of circular motion will be very important in analyzing spinning objects. Recall that with
0(t) defined asthe angular position of an arbitrary point on the rigid-body,

_do(t)
) = dt
and
_da(t)
="
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Moreover, the velocity and accel eration of any point on a spinning, rigid body can be related
to the angular quantities:

v, (1) = rat)
and

a,(t) =ra(t)
a,(t) = —ras(t)

Rotation and Translation

To describe the motion of an object undergoing purerotation (spinning), we have to describe
the circular motion each point on the object undergoes. What must we do if the object is
simultaneoudly rotating and tranglating (moving in a plane perpendicular to the rotation axis),
like awhed rolling down an incline?

The answer liesin the independence of these two types of motion. In much the same manner
as we attacked kinematics in two dimensions by independently analyzing the horizontal and
vertical motions, we will attack rigid-body kinematics by independently analyzing the
rotational and trand ational motions. In short, we will model any motion of a rigid-body as a
superposition of a trandation of the object s center-of-mass (CM) (which we will analyze by
particle kinematics) and a rotation about an axis passing through the CM (which we will
analyze by the kinematics of spinning, detailed above).

For example, examine the motion of the thin rod
between t; and t,. Although the rod may have
been spinning crazily through space between
these two times, we can model itsmotion asa
superposition of asimpletrandation of its CM
without rotation (denoted by the vector Ar),
which leaves therod in the orientation denoted by
the dashed lines, and a simple rotation about an
axisthrough its CM without trandation (denoted
by AB), which leaves therod inits proper, final
orientation. If we imagine the time difference (t; -
ty) shrinking toward zero, hopefully it becomes
plausible that we can model any motion through
this method.

In summary, to describe the motion of an arbitrary rigid body we will break the motion down
into a pure trandation of the CM and a pure rotation about the CM. We will use particle
kinematics to describe the trandational portion of the motion and the kinematics of circular
motion to describe the rotational portion. The velocity (or acceleration) of any point on the
object is then determined by the sum of the vel ocity (or acceleration) due to the trand ation
and the velocity (or acceleration) dueto the rotation.
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Kinemaics
AnalyssTools

Pure Rotation

After the off button is pressed, a ceiling fan takes 22 sto cometo rest. During
thistime, it completes 18 complete revolutions.

To analyze this situation, we should first carefully determine and define the sequence of
events that take place. At each of these ingants, let s tabulate what we know about the
motion. Since we are dealing with pure rotation, the relevant kinematic variables arethe
angular position, velocity, and acceleration of the fan. Also, let stake the direction that the
fanisinitially rotating to be the positive direction.

Event 1: The off Event 2: The ceiling fan

button is pressed stops

t;=0s t,b=22s

8, =0rad 0, =18 (2r) = 113rad
= wp = 0rad/s

o= Oy =

Since no specific information concerning the angular accel eration of the fan is given, let s
assume the angular acceleration is congtant. (Thus, a; = d, = 03,.) Since the relationships
between angular position, velocity, and accel eration are the same as the rel ati onships between
linear position, velocity and accel eration, the kinematic equations for constant linear
acceleration must have direct analogies for constant angular acceleration. Thus,
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G, =0, ta, (tz _tl)
O=w +0a,(22)
w =-22a,

1
32 = 31 +w1(t2 _tl) +§alz(t2 _t1)2
113=0+ a)1(22)+%alz(22)2

Now substitute this expression into the 113 = 22(—22012) +242a,,

other equation:

113=-242a,,

a,, =-0.47rad /s
w, = —22(-0.47) Substitute this result back into the original
@ =10.3rad /s equation:

Notice that the Sgn of the angular acceleration is negative. This indicates that the angular
acceleration isin the opposite direction of the angular velocity, asit should be sincethefanis
slowing down.

Connecting Pure Rotation to Pure Translation

The device at right isused to lift a heavy load.
The free ropeis attached to a truck which
accelerates fromrest at a rate of 1.5 m/s”. The
inner radius of the pulley is 20 cm and the outer
radiusis 40 cm. The load must be raised 15 m.

+ direction

i

The coordinate system chosen indicates that the block moving upward, the pulley rotating
clockwise, and the truck moving to theright are all positive.

There are three different objects that we should be able to describe kinematically; the truck,
the pulley, and the block. Let s tabulate everything we know about each object:

Truck Pulley Block

Event 1: Truck Event 2: Block Event 1: Truck Event 2: Block Event 1: Truck Event 2: Block
beginstomove  raised15m beginstomove  raised 15m beginstomove  raised15m
t;=0s L= t;=0s L= t;=0s L=

rr=0m r= 8.=0rad 0, = rr=0m r,=15m

vy =0m/s Vo = oy, = Orad/s = vy =0m/s Vo =

a =15m/s a=15m/s 0y = 0y = a = 8=
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Thetruck and block exhibit trand ational motion, so we only have to tabulate linear variables.
The pulley spins, so the relevant variables are the angular variables. Notice that just because
the block moves 15 m doesn t mean the truck moves 15 m. Also, the acceleration of the block
isnot equal to the acceleration of the truck. However, these variables are related to each other
since both objects are attached to the same pulley.

Also notice that we can t currently solve this problem. Each of the objects has three unknown
guantities. However, since the kinematics of the three objects arerelated, we will be able to
solve the problem once we ve worked out the exact relationship between each object s
kinematics.

Let s start with the accel eration. Assuming the rope from the truck does not dlip on the pulley,
the point on the pulley in contact with the rope must be accel erating at the samerate asthe
truck. Notice that this acceleration is tangent to the pulley, and thisrope islocated 0.4 m from
the center of the pulley. Therefore, from

a,=ra
1.5=0.4a
a =3.75rad /<2

The pulley must have an angular acceleration of 3.75 rad/s” since it is attached to the truck.

In addition, assuming the rope from the block does not slip on the pulley, the point on the
pulley in contact with thisrope must be accelerating at:

a,=ra
a, = 0.2(3.75)
a, =0.75m/ s?

Since the point on the pulley attached to the block is accelerating at 0.75 m/<’, the block itself
must be accelerating at 0.75 m/s”. In anutshell, what we ve done is used the accel eration of
the truck to find the angular acceleration of the pulley, and then used the angular acceleration
of the pulley to find the accel eration of the block. This chain of reasoning is very common.

Now that we know the block s accel eration, we can solve the problem. Applying the two
kinematic equations to the block yields:

V, =V ta(t, —t)
v, =0+0.75(6.32)
15=0+ O+%(O.75)t22 v, =4.74m/s

1
r,=n +V1(t2 _tl) +§a12(t2 _t1)2

t, =6.32s

Now that we know the final speed of the block, we can find the final angular speed of the
pulley and the final speed of the truck:
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Again assuming the rope from the block does not dip on the pulley, the point on the pulley in
contact with therope must be moving at the same rate as the block. Notice that thisvelocity is
tangent to the pulley, and thisropeislocated 0.2 m from the center of the pulley. Therefore,
from

V,=ra
474 =02w
w=23.7rad /s

The pulley must have an angular velocity of 23.7 rad/s sinceiit is attached to the block.

In addition, assuming the rope from the truck does not dip on the pulley, the point on the
pulley in contact with thisrope must be moving at:

V,=ra
v, = 0.4(23.7)
v, = 9.48m/ s

The truck ismoving at 9.48 m/s when the block reaches 15 m.

We can relate the displacement of the block to the angular displacement of the pulley and the
displacement of thetruck using

s=ré
where sis (technically) the arc length over which arope iswrapped around the pulley and 6 is
the angular displacement of the pulley. Of course, the amount of rope wrapped around a
pulley is exactly equal to the displacement of the object attached to the rope. Therefore,
relating the block to the pulley yields

s=rd
15=0.26
8 ="75rad

The pulley must have turned through 75 rad sinceit is attached to the block.

Relating the pulley to the truck resultsin:

s=rd
s =0.4(75)
s=30m

The truck moved 30 m while the block moved 15 m.
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Noticethat in al cases, the values of the kinematic variables for the truck are exactly twice
the values for the block. Thisisnot a coincidence. Since the truck is attached to the pulley at
twice the distance from the axle that the block is attached, all of its kinematic variables will
have twice the value. Once you understand why thisisthe case, you can use thisingght to
simplify your analysis.

Rotating and Translating

Accelerating fromrest, a Cadillac Sedan de Ville can reach a speed of 25 m/sin
atime of 6.2 s. During this acceleration, the Cadillac stiresdo not dip in their
contact with the road. The diameter of the Cadillac stiresis0.80 m.

Let s examine the motion of one of the Cadillac stires. Obvioudly, thetire both trand ates and
rotates. We will imagine the motion to be a superposition of a pure translation of the CM of
the tire and a pure rotation about the CM of thetire.

To analyze the situation, we should define the sequence of events that take place and tabulate
what we know about the motion at each event. Since we are dealing with translation as well as
rotation, we will need to keep track of both the linear kinematic variables and the angular
kinematic variables.

Let stakethe positive x direction to be the direction that the Cadillac trandates and the
positive 8 direction to be the direction in which thetiresrotate.

o

direction of travel

»

Event 1: The Cadillac  Event 2: The Cadillac
beginsto accelerate reaches 25 m/s

t;=0s t,=6.2s
rn=0m r,=
6,=0rad 0, =

vy =0m/s Vo =25m/s
w, = 0rad/s W =

A = &=

o, = o, =
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Firg, let sexaminethe trandational portion of the tire s motion.
Vo, =y +ajz(t2 _tl)
25=0+a,(6.2)

a, =4.03m/s? r,=0+ O+%(4.03)(6.2)2

1
r,=n +V1(t2 _tl) +§a12(t2 _t1)2

r,=77.5m

What about the rotational kinematics of the tire? The motion of thetireisthe superposition of
the pure trand ational motion of the CM and the pure rotational motion about the CM™. Thus,
the velocity of any point on thetireisgiven by

Vam/ point ontire = Vdue totrandati on of CM + Vdue to rotation about CM
Vam/ point ontire = VCM +r w

wherer isthe distance between the point of interest and therotation axis, i.e., the distance
from the CM.

The key insight into studying the rotation of thetireisto realize that at any ingtant the
velocity of the point on the tire in contact with the road is zero because the tire never dipsin
its contact with the road. Thus, if the CM of thetireis moving forward at

Vg = (25m/s)i

the point on the bottom of the tire must be moving backward relative to the CM at the exact
same speed in order for its velocity relative to the ground to be zero! Thus, only avery
particular value for wwill allow thetire to roll without slipping.

From above,

Vam/ point ontire = VCM + I'W

0=(25m/s)i +rwyp

1 As stated in the text, to describe the genera motion of thetire we will break the motion down into a
puretrandation of the CM and a pure rotation about the CM. Another way to envision the motion is that
thetireisrotating about the point on the tire in contact with the ground. The rotation axis of thetire
passes through this contact point. (Imagine the point on the tirein contact with the ground as being
glued to the ground and the tire rotating about it.) However, an instant later this point isno longer in
contact with the ground, and the rotation axis passes through the next point on thetire in contact with the
ground. There are advantages and disadvantages to both conceptualizations of the tire s motion,

however, we will restrict ourselves to the view that the tire undergoes pure rotation about the CM.
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At the bottom of thetire, @=—I , since motion tangent to the tire at the bottom of thetireis
motion to theleft. Thus,

0=(25m/s)i —rai
ra =(25m/s)i
(0.4m)aw = (25m/ s)
w=62.5rad/s

Therefore, at the end of the accel eration, the tire has an angular speed of 62.5 rad/s.

I included dl of the vector notation to ensure | did the cal culation correctly, but hopefully we
can understand the result without getting bogged down in notation. Basically, the bottom of
the tire can t be moving relative to the ground if the whedl rolls without dlipping. Since the
CM of thetireis moving forward at 25 m/s, the bottom of the tire must be moving backward
at 25 m/srelative to the CM. From the CM frame of reference, thetireisjust spinning, and |
can apply v = r wto calculate the angular speed of thetire.

V,=ra
25=0.4w
w=625rad/s

We can find the angular acceleration and angular position of the tire by using the linear
variables determined above and the method described in the previous example, or by using the
equations for constant angular acceleration.

Gy, =G, 0, (tz _tl)
625=0+0a,(6.2)
a,, =10.Irad / s® 6, =0+ O+%(10.1)(6.2)2

1
32 = 31 +w1(t2 _tl) +50’12(t2 _t1)2

6, =1%rad

Thus, the whed rotates through 194 rad, or 30.8 revolutions, while accel erating.
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Kinamdics

Activities
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