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Modd Soeaifics

For our third pass through the study of mechanics, wewill
finally allow forcesto vary in both magnitude and direction.
Pedling away this approximation requires usto utilizea new
mathematical tool, calculus. Wewill still, however, requirethe
following two approximations

The object s size and shape are unimportant.

The object is classical.
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Kinamdics

Concepts and Principles

If theforces acting on an object are not constant, then the acceleration of the object is not
constant. To analyze the kinematics of an object undergoing non-constant accel eration
requiresthe use of calculus. By re-examining our origina definitions, valid in the limit of
very small timeintervals during which the accel eration is approximately constant, the
relationships between position, velocity, and acceleration can be constructed in terms of the
derivative.

Position

Let r(t) bethelocation of the object at every time, t, in thetime interval of interest.

Velocity

Our original definition of velocity,

- Final ~ Tinitial
i ™ Linigia
remainsvalid if the acceleration is constant. The acceleration will always be constant in the
limit of infinitesimally small time intervals. By the fundamental definition of calculus, the
above expression, in the limit of infinitesimally small time intervals, becomes the derivative
of the position function. Thus, v(t), the velocity of the object at every time, t, is defined to be

the derivative of the position function, r(t).

()
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-4



Acceleration

Our original definition of acceleration,

a= Viinal ~ Vinitial
t t

final ~ ‘initial

alsoremains valid only in the limit of infinitesimally small time intervals. By the fundamental
definition of calculus, the above expression, in the limit of infinitesimally small time
intervals, becomes the derivative of the velocity function. Thus, a(t), the accel eration of the
object at every time, t, is defined to be the derivative of the velocity function, v(t).

a(t) = %

Thus, if the position of the object is known as a function of time, the velocity and accel eration
functions can be constructed through differentiation of r(t). On the other hand, if the
acceleration of the object is known as a function of time, the vel ocity and position functions
can be constructed through anti-differentiation, or integration, of a(t).

An important distinction, however, isthat when integrating a(t) to form v(t), an arbitrary
constant will be introduced into the expression for v(t). This constant can often be determined
from knowledge of the object s velocity at some specific instant in time. Another integration,
to formr(t), will introduce an additional arbitrary constant that can often be determined from
knowledge of the object s position at some specific instant in time.

In closing, please remember that the kinematic relations that have been used throughout this
course were derived assuming a constant accel eration. If the acceleration is not constant, those
relations are incorrect, and the correct kinematic relationships must be determined through
direct integration and differentiation.
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Kinemaics
AnalyssTools

Using the Calculus
Investigate the scenario described below.

In a 100 m dash, detailed video analysisindicatesthat a particular sprinter s
speed can be modeled as a quadratic function of time at the beginning of the
race, reaching 10.6 m/sin 2.70 s, and as a decreasing linear function of time for
the remainder of the race. She finished the race in 12.6 seconds.

To analyze this situation, we should first carefully determine and define the sequence of
events that take place. At each of these ingants, let s tabulate what we know about the
motion.

Event 1: Therace begins Event 2: Shereaches 10.6 Event 3: She crosses the

m/s finish line
t =0s t,=27s t,=126s
r,=0m r,= r,=100 m
v, =0m/s v,=10.6 m/s Vv, =
3= 8= 8=

Since the acceleration is no longer necessarily constant between ingtants of interest, it isno
longer useful to speak of a;, or as. The acceleration, like the position and the velocity, isa
function. What the table represents is the val ue of that function at specific instants of time.

Between event 1 and 2, the sprinter svelocity can be modeled by a generic quadratic function
of time, or

v(t) = A’ +B

Our jobistofirst determine (if possible) the arbitrary constants A and B, and then use this
vel ocity function to find the position and accel eration functions.
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Since the sprinter starts from rest, we can evaluate the function at t = 0 sand set the result
equal to 0 m/s:

v(0) = A(0)> +B =0
B=0

Since we also know the sprinter reaches a speed of 10.6 m/sin 2.7 s, we can evaluate the
function at t = 2.7 sand set theresult equal to 10.6 m/s:

v(2.7) = A2.7)2 +0=10.6
A =145

Now that we know the two constants in the vel ocity function, we have a complete description
of the sprinter s speed during thistimeinterval:

v(t) = 1.45t°

Once the velocity function is determined, we can differentiate to determine her acceleration
function.

_ dv(t)
aM="4

_d )
a(t) = Olt1.45t
a(t) = 2.90t

Evaluating thisfunction at t = 0 sand t = 2.7 syields a, = 0 m/s? and & = 7.83 m/s”.

We can aso integrate to determine her position function.
rt)= v(t)at

r(t) = 1.45t%dt

r(t) :1._;15t3 +C

Sincewe know r =0 mwhen t = 0 s, we can determine the integration constant:

1.45

r(O) :T(O)3 +C=0

C=0
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Therefore, the position of the sprinter is given by the function:

145,

0=

Evaluating thisfunctionatt=0sandt=2.7 syieldsr; =0mand r, = 9.51 m.

During the second portion of the race, when her speed is decreasing linearly, her acceleration
is constant. Therefore, we can use the kinematic relations devel oped for constant acceleration,
and her acceleration is simply a constant value, denoted a,;.

V; =V, + azs(ts _tz)
v, =10.6-0.295(12.6 - 2.7)
100 = 9.51+10.6(12.6 - 2.7) +%a23 (12.6-2.7)? V; =7.68m/s

1
=1, +V2(t3 _tz) +Ea23(t3 _tz)z

a,, =—0.295m/ s’

She crosses the finish line running at 7.68 m/s.

Another Example
Investigate the scenario described below.
A sportscar can accelerate fromrest to a speed of 40 m/s while traveling a

distance of 200 m. Assume the acceleration of the car can be moddled asa
decreasing linear function of time, with a maximum acceleration of 10.4 m/s”.

Event 1: Thecar begins  Event 2: The car reaches 40

from rest m/s

t = Os t,=

r= Om r,= 200m
v, = Oom/s v, =40 m/s
a=104m/s a,=

-8



Between event 1 and 2, the car s acceleration can be modeled by a generic linear function of
time, or

a(t)=At+B
Since the acceleration is decreasing, the maximum value occursatt = 0's,

a(0) = A0) + B =10.4
B=104

Since we don t know the value of the acceleration at t,, or even the value of t,, we can't
determine A, and all we can currently say about the acceleration function is that it is given by:

a(t) = At+10.4

Nonetheless, we can gill integrate the accel eration to determine the vel ocity,
v(t) = a(t)dt
v(t) = (At +10.4)dt

1
v(t) = 5 At> +10.4t +C
Sincewe know v = 0 m/swhent = 0 s, we can determine theintegration constant:

v(0) = % A(0)% +10.4(0) +C =0
C=0

We aso know that v =40 m/sat t,, so:

v(t,) = % At,? +10.4t, = 40

This equation can t be solved, sinceit involves two unknowns. However, if we can generate a
second equation involving the same two unknowns, we can solve the two equations
simultaneoudly. This second equation must involve the position function of the car:

r(t) = v(t)dt

r(t) = (% At® +10.4t)dt

r(t) :%Ate' +5.2t>+D
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Sincewe know r = 0 when t = 0 s, we can determine the integration constant:

r(0) :%A(of +5.2(0)2+D =0
D=0

We aso know that r = 200 m at t,, so:

rt,) = % At +5.2t,° =200

These two equations,
1,2

5 At,” +10.4t, = 40
éAtZS +5.2t,° = 200

can be solved by substitution (or by using a solver). Solve the first equation for A, and
substitute this expression into the second equation. Thiswill result in a quadratic equation for
to. The solution ist, = 7.57 s, the time for the car to reach 40 m/s. Plugging this value back
into the origina equations allows you to compl ete the description of the car s motion.
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Circular Motion

If the acceleration of an object isnot constant, in either magnitude or direction, the
development of a kinematic description necessitates the use of calculus. A very common class
of motion, in which the acceleration is guaranteed to changein at least direction, isthe maotion
of an object on acircular path. Let s examine general circular motion in more detail before we
attempt to describe a specific situation.

y The x- and y-position of the object moving along a

4 circular path of radius R can always be described by the
functions:

r, (t) = Rcosé(t)

r,(t) = Rsin6(t)

assuming the origin of the coordinate system is placed at
the center of thecircle.

Defining angular position, angular velocity and angular acceleration

Angular Position

The function 6(t) specifies the angular position of the object, and is typically measured in
radians. It specifies where, along the circle, the object is at every instant of time. For example,
if B(t) isaconstant, the object doesn t move. If 8(t) isalinear function of time, the object
moves with constant velocity around the circle. If B(t) is amore complex function, the object
speeds up or dows down as it moves around the circle.

Angular Velocity

Therate at which 6(t) is changing, , istermed the angular velocity of the object, and

dat)
t

denoted w(t). (wisthelower-case Greek letter omega.) Since w(t) istherate at which the
angular position is changing, it has units of rad/s.

Angular Acceleration

(t)

da
Therate at which w(t) ischanging, , istermed the angular acceleration of the object,

and denoted a(t). (a isthe lower-case Greek letter alpha.) Since a(t) istherate at which the
angular velocity is changing, it has units of rad/s’.
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Deriving relationships for velocity and acceleration
Now that we have the definitions of the angular quantities out of the way, let s determine the
vel ocity and accel eration of an object undergoing circular motion. | 1l begin by writing the

pasition functionin i jK notation, acommon short-hand method of writing the x-, y-, and
z- components of a vector al together. In thisnotation, the | sSimply stands for the x-

component, the | for the y-component, and the K for any z-component. Hold onto your hat
and try not to get lost in the calculus.

Position
r(t) = R(cos@(t)i +sind(t) )

Velocity

d
t)=—r(t
v(t) Oltr()

v(t) = %[ R(cos@(t)i +sin8(t) j)]

__.d ood . .
v(t) = R(E cosd(t)i +Esm O

o d o d .
v(t) = R(—-sin4(t) o o(t)i +coso(t) o a1)j)

v(t) = R(-sin 8(t)e(t)i + cosB(t)axt) |)
v(t) = Raxt)(-sin ()i +cosO(t) j)
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Acceleration

a(t) = %v(t)

a(t) = %[ RaXt)(-sin 8()i +cos(t) )]

Remembering to use the chain rule for differentiation,

a(t) = R[% )] (-sin B()i +cosd(t)]) + Ra)(t)[% (—sin B()i +cosat) j)]

a(t) = Ra(t)(-sin 8(t)i +cosO(t) j) + Ret)(- cosH(t)%H(t)i +-s5n8() % a1 j)

a(t) = Ra(t)(-sin 8(t)i +cosa(t) j) + Raxt)(-cos@(t)alt)i +—sin t)axt) j)
a(t) = Ra(t)(-sin 8(t)i +cosO(t) j) — Ra? (t)(cosB()i +sin 8(t) j)

These relationships for velocity and accel eration look intimidating, but are actually rather
simple. (You don t haveto believe mejust yet ...) The problem isthat they are written using
an awkward choice of coordinate system. In a previous Model, we used inclined coordinates
for situations involving objects moving on an inclined surface. For an object moving in a
circle, it salmost asif the surface upon which the object movesis continually changing its
angle of incline! Perhaps we should use a coordinate system in which the orientation of the
system continually changes, always keeping one axis parallel and one axis perpendicular to
the motion. Thisis exactly what we will do. This coordinate system isreferred to asthe polar
coordinate sysem.
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Polar Coordinates

In the polar coordinate system, one axis (theradial axis, or ©) is perpendicular to the surface
of thecircular path pointing radially away from the center, and the other axis (the tangential,

or @) isparalle to the surface of the circular path pointing in the counterclockwise direction.
(p isthelower-case Greek letter rho and @is phi .)

] Noticethat O isincined by an angle 8 from the

positive x-axis. Therefore, intermsof | and | ;
p =cosf(t)i +snf(t)]

@, on the other hand, isinclined by an angle 0 to the

|eft of the positive y-axis. Therefore, intermsof 1 and

|

@=-sn@(t)i +cosd(t) ]

Now re-examine the relationships for position, velocity and accel eration.

Position
r(t) = R(cosé(t)i +siné(t)j)

becomes

r(t) =Ro

In component form thisis:
QzR

r,=0

This means that the position of an object undergoing circular mation isonly in theradial
direction, and has a constant magnitude equal to theradius of the circle. Basically, the
coordinate system is constructed so that the location of the object definesthe radial direction.
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Velocity
V(t) = Rat)(—sin 6(t)i +coso(t)])

becomes

v(t) = Ra(t)g

In component form thisis:

v,=0

v, = Rw

This means that the velocity of an object undergoing circular motion is only in the tangential
direction, and has a magnitude equal to the product of theradius and angular velocity. The
only way an object can have aradia velocity isif theradius of its path changes, but that can t

happen for an object moving along acircular path. If the object moved along an dliptical
path, for example, then it would have both tangential and radial velocities.

Acceleration
a(t)=Ra(t)(-sin@(t)i +coso(t)j) - R’ (t)(cos(t)i +sinB(t) )

becomes
a(t) = Ra(t)g- Ra’(t) p
In component form thisis:

-Ra*

a, =
a(,,:Ra

The acceleration of an object undergoing circular motion has two components. If the object is
speeding up or dowing down, the angular accel eration does not equal zero and thereisan
acceleration component in the tangential direction. The magnitude of the tangential
acceleration is equal to the product of the radius and angular accel eration.

However, even if the object is moving at constant speed, there is an acceleration component in
the negative radial direction, i.e., pointing toward the center of the circle. By virtue of
traveling in acircle, the velocity vector of an object continually changes its orientation. This
change in orientation is directed toward the center of the circle. Draw a motion diagram and
convince yoursdf of thisfact!

The magnitude of theradial acceleration is equal to the product of the radius and the sguare of
the angular velocity.
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The Kinematics of Circular Motion
Let stry out our new tools by examining the following scenario.

An automobile enters a U-turn of constant radius of curvature 95 m. The car
enters the U-turn traveling at 33 nvs north and exits at 22 nv's south. Assume the
speed of the car can be modeled as a quadratic function of time.

To analyze this situation, we should first carefully determine and define the sequence of
events that take place. At each of these events we will tabulate the position, velocity and
acceleration in polar coordinates as well asthe angular position, angular velocity, and angular
acceleration.

Event 1: The auto Event 2: The auto
enterstheturn. exitstheturn.
t;=0s th=
rp=95m e =95m
re=0m fe=0m
0,=0rad 06, = mtrad
Vi, =0m/s Voo =0m/s
Vip=33m/s Voo =22 m/s
W = W =

alp = azp =

al(p = az(p =

o, = o, =

Notice that the position of the car isstrictly in theradial direction and the velocity of the car is
grictly in the tangential direction. It isimpossible, for an object moving along a circular path,
to have a non-zero tangential position or radial velocity.

Also notice that since the car completely reversesits direction of travel, it must have traveled
halfway around a circular path. Thus, 8, = Ttrad.

We can quickly determine the angular velocity of the car at the two events by using the
relationship:

v(p:Ra)

With R = 95 m, the angular velocity of the car asit enterstheturn is0.35rad/s, and as it exits
theturn, 0.23 rad/s.
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Between event 1 and 2, the car s speed can be modeled by a generic quadratic function of
time, or

— 2
v,(t)=At"+B

Since the car enterstheturn at 33 m/s, we can evaluate the function at t = 0 sand set theresult
equal to 33 m/s.

v,(0) = A(0)? +B =33
B =33

The car exitstheturn at 22 m/s, but snce we don t know the value of t, we can t determine A.
We do know, however, that:

v, (t,) = At,” +33=22

If we can determine another equation involving A and t, we can solve these two equations
simultaneously.

The only other important piece of information regarding the motion isthat 6, = Tt To make
use of that information, we must convert our velocity equation into an angular velocity (w)

equation and then integrate the resulting equation into an equation for 6. To determine the
angular velocity function,

v(/,:Ra
w=e
R
At? +33
t)y="———
at) &

AL
t)=—t°+0.35
o) = o

The angular position (8) istheintegral of the angular velocity,
B(t) = aw(t)dt
o(t) = (ﬁt2 +0.35)dt

95 '

o(t) =13+ 035t + D
285

1-17



Since we know 8 = 0 when t = 0 s, we can determine the integration constant:

6(0) = 2—8A5(0)3 +0.35(0)+D =0

D=0

We aso know that 6 = Ttat t,, so:

A s
O(t,) =——-t,’ +035t, =77
(2) 2852 2

These two equations,
A
2—t23 +0.35t, = 77

At,> +33=22

can be solved by subgtitution (or by using a solver). Solve the second equation for A, and
substitute this expression into the first equation. Y ou can solve the resulting equation for t,.
The solutionist, = 10.0 s, the time for the car to complete the turn. Plugging this value back

into the origina equation alows you to determine A = -0.11.

Once you know A, you can complete therest of the motion table. For example, since

A,
t)=—t“+0.35
o) =5

a(t) = —0.00116t> +0.35

We can now determine angular acceleration,

de(t)
dt

a(t) = %(—0.0011&2 +0.35)

a(t) =

a(t) = -0.00232t
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radial acceleration,
a,(t) = —Rat)®
a,(t) = -95(-0.00116t +0.35)*

and tangential acceleration.
a,(t) =Ra(t)

a,(t) = 95(-0.00232t)
a,(t) = -0.22t

Each of these functions could be evaluated at t; = 0 sand t, = 10.0 sto complete the table.
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Kinamdics

Activities
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