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Concepts and Principles

Moving Charges

All charged particles create electric fields, and these fields can be detected by other charged
particlesresulting in el ectric force. However, a completely different field, both qualitatively
and quantitatively, is created when charged particles move. Thisisthe magnetic field. All
moving charged particles create magnetic fields, and all moving charged particles can detect
magnetic fields resulting in magnetic force. Thisisin addition to the electric field that is
always present surrounding charged particles.

This should strike you asrather strange. Whenever a charged particle beginsto move a
completely new field springs into existence (distributing business cards throughout the
universe). Other charged particles, if they are at rest relative to thisnew field, do not notice
thisnew field and do not feel a magnetic force. Only if they move relative to this new field
can they sense its existence and feel a magnetic force. It sasif only whilein motion can they
read the business cards distributed by the original moving charge, and only while in motion
does the original charge distribute these business cardsin thefirst place! Does it sound
strange yet?

Why the magnetic field exists, and its relationship to the electric field and rel ative motion will
be explored later in the course. For now, we will concentrate on learning how to calculate the
value of the magnetic field at various points surrounding moving charges. Next chapter, we
will learn how to calcul ate the value of the magnetic force acting on other charges moving
relative to amagnetic field.

Permanent Magnets

| claimed above that the magnetic field only exists when the source chargesthat createit are
moving. But what about permanent magnets, like the ones holding your favorite physics
assignments to your refrigerator? Where are the moving charges in those magnets?

The simplest answer isthat the electronsin orbit i n each of the atoms of the material create
magnetic fields. In most materials, these micrascopic magnetic fields are oriented in random
directions and therefore cancel out when summed over all of the atoms in the material. In
some materials, however, these microscopic magnetic fields are correlated in their orientation
and add together to yield a measurable macroscopic field (large enough to interact with the
mi croscopic magnetic fields present in your refrigerator door). Although thisisagross
simplification of what actually takes place, it s good enough for now.



The magnetic properties of real materials are extremely complicated. In addition to the orbital
contribution to magnetic field, individua e ectrons and protons have an intrinsc magnetic
field associated with them due to a property called spin. Moreover, even neutrons, with no net
electric charge, have an intrinsic magnetic field surrounding them. To learn more about the
mi croscopic basis of magnetism, consider becoming a physics major

Electric Current

Moving dectric charges form an electric current. We will consider the source of all magnetic
fields to be electric current, whether that current is macroscopic and flows through a wire or
whether it ismicroscopic and flows in orbit around an atomic nucleus.

The simplest source of magnetic field is electric current flowing through along, straight wire.
In this case, the magnetic field at a particular point in space is given by the relation,

B:’U_Oit
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where
Ho is the permeability of free space, a constant equal to 1.26 x 10° Tmv/A.

i isthe source current, the electric current that creates the magnetic field, and is
measured in amperes (A). One ampereis equal to one coulomb of charge flowing
through the wire per second. (We will aways enter the current asa positive value in

thisrelation. The definition of t below will be used to specify the correct direction
of thefield.)

r is the distance between the source current and the point of interest.

t isthe unit vector that istangent to acircle centered on the source current, and

located at the point of interest. To determinethe sense of t, place your thumb in the
direction of current flow. The sense in which the fingers of your right hand curl is

the sense of t . (For example, for current flowing out of the page, t is
counterclockwise.)

If the source of the magnetic field is more complicated than long, straight current-carrying
wires, then amore general relationship isneeded. The magnetic field at a particular point in
space, from any current distribution, is given by the relation,

B:ﬂ i(dl xr)
4 r?

where

dl isaninfinitesmally small portion of current-carrying wire.

I isthe unit vector that points fromthe small portion of current-carrying wireto the
point of interest.

Theintegral is over the entire length of wire.
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AnalyssTools

Long, Parallel Wires

Find the magnetic field at the indicated point.

Thelong, parallel wires are separated by a ®
distance 4a. ¢2)

()
o/

The magnetic field at this point will be the vector sum of the magnetic field from the | eft wire
(BL) and the magnetic field from theright wire (Bg).

For theleft wire, | ve indicated the direction of the R’
tangent vector. Remember, with your thumb pointing
in the direction of the current (out of the page), the @D CD

direction in which the fingers of your right hand curl

isthe direction of the tangent vector

(counterclockwise).

By definition, the tangent vector is perpendicular to theradia vector. Y ou should know how
to specify theradial unit vector from the chapter on electric field; to specify the tangent unit
vector, you have to construct a vector perpendicular to theradial vector.

To do this, simply flip the x- and y-components of the radial vector and add the appropriate
algebraic signs. (Ask your math professor to prove that this always resultsin a vector
perpendicular to the original vector.) Using thistrick, the magnetic field from the left wireis
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For the right wire your thumb should point into the |

page, making your right-hand fingers curl clockwise. 7
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Adding these two contributions together yields
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More General Current Distribution

Find the magnetic field at the origin. The wire
formsacircle of radiusR.

D)o

Finding the magnetic field from a current-carrying wire involves several distinct steps. Until
you become very comfortable setting up and evaluating magnetic field integrals, | would
suggest you systematically walk through these steps.

1
2.

Carefully identify and label thelocation of the differential element on a diagram of the situation.
Carefully identify and label thelocation of the point of interest on a diagram of the situation.

Write an expression for dl , the vector differential dement.
Write an expression for r, the distance between the differential element and the point of interest.

Write an expression forError! Objects cannot be created from editing field codes., the unit vector
representing the direction fromthe el ement to the point of interest.

Insert your expressionsinto theintegral for the magnetic field.
Carefully choose the limits of integration.

Evaluatetheintegral.

I Il demongtrate each of these steps for the scenario under investigation.

1. Carefullyidentify and label the location of the differential e ement on a diagram of the situation.

The differentia element isasmall (infinitessmal) piece of the current-carrying wire. The
location of thisdifferential element must be arbitrary, meaning it isnot at a special location
likethe top or bottom of the loop. Itslocation must be represented by a variable, wherethis
variable isthe variable of integration and determines the limits of theintegral.

For this example, select the differential element to be
located at an angle 6 counter-clockwise from the x-
axis. (Later, you will select the limits of integration to go
from O to 2rmto allow thisarbitrary element to cover the
entire loop.)

@

2. Carefully identify and label the location of the point of interest on a diagram of the situation.

The point of interest isthe center of theloop of wire.

D



3. Witean expressionfor dl , the vector differential element.

The differential element in theintegra for magnetic field
isavector, meaning it has both a magnitude (its length)
and adirection. The direction of the differential element
isthedirection in which the current is flowing through
the element. Thus, we need an expression for the vector
illustrated at right (and greatly magnified bel ow).

The length of the differential element is Rd6, since the
e ement formsan arc on acircle of radius R. Its direction

@
can be determined by noting that it makes an angle of 6 - 0
with respect to the y-axis, and isdirected in the -x-
direction and +y-direction. Thisresultsin:
0
I

dl =Rd&(-snd +cos§)

4. Write an expression for r, the distance between the differential element and the point of interest.

The distance between the differential e ement and the point of interest is just theradius of the
loop:

r=R

5. Writean expression forError! Objects cannot be created from editing field codes., the unit vector
representing the direction fromthe e ement to the point of interest.

Since this vector points from the element to the point of

interest, it isdirected in the -x-direction and -y-direction.
Thisresultsin: 5
r=-cosd —-sn{g \_u

6. Insert your expressionsinto theintegral for the magnetic field.

B:& i(dl xr)
4T r?

B:,u_oi RdA(-sin 8 +cosf) x (—cosl —sing)
4T R?



7. Carefully choose the limits of integration.

The limits of integration are determined by the range over which the differential element must be
moved to cover the entire object. In thiscase, the eement must move all the way around the
circular loop:

Hol “"RdB(=sin @ +cosf) x (-cosf -sin§)

B=
4 R?

0

8. Evaluatetheintegral.

B= Uy ?
4

dé(sin® 8 + cos’ H)k

0
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B:ﬂk
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The magnetic field at the center of any current-carrying loop of radius R is given by the
expression above.



Ampere s Law

Thelong, hollow-core wire at right hasinner radius a,
outer radius b and current i uniformly distributed
acrossits area. The current flows in the +z-direction.
Find the magnetic field at all pointsin space.

For certain situations, typically ones with cylindrica symmetry, Ampere s Law allows you to
calculate the magnetic field relatively easily. Ampere s Law, mathematically, states:

0 B ¢ dl = luoienclosed

Let s describe what this meansin English. The left side of the equation involves the vector dot
product between the magnetic field and an infinitesimally small length that is a piece of a
larger closed path (termed the amperian loop). This dot product determines the amount of
magnetic field that is parallel to this very small piece of alarger closed path. The integral
simply tells usto add up all of these contributions around the entire closed path.

Thegist of Ampere Law isthat thisintegral isexactly equal to the total amount of eectric
current flowing within the amperian loop, multiplied by the constant .

Somewhat counter intuitively, the key to applying Ampere Law isto choose a amperian loop
such that you never really have to do the integral on the left Sde of the equation! (Does this
sound familiar?) To try to help you understand what | m talking about, let swalk through the
solution of the above problem. The following sequence of stepswill help you understand the
process of applying Ampere s law:

Choose the appropriate amperian |oop.

Carefully draw the hypothetical amperian loop at the location of interest.

Carefully draw the magnetic field at all points on the amperian loop.

Write an expression for the path length parallel to the magnetic field.

Write an expression for iggosed, the current inside the amperian loop.
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Apply Ampere Law and determine the magnetic field at all points on this hypothetical loop.

There arethree distinct regions we will investigate:
theregion ingde the hole inthewire(r < a),
the region within the actual material of thewire (a<r < b),
and the region outside of the wire (r > b).

Let s start outside of the wire.



Outside of thewire:r >b

1. Choosethe appropriate amperian loop.

The key to using Ampere s Law isto try to exploit the symmetry of the current-carrying wire.
Since wirestypically have circular cross-section, circular amperian loops are the norm.

2. Carefully draw the hypothetical amperian loop at the location of interest.

Since we are trying to determine the magnetic field for all

pointsoutside of thewire, draw acircular amperian e
surface with radiusr. Thevalue of r isvariable, and can ST T
take on any value greater than b, the radius of the real
wire. Remember, the amperian loop is hypothetical; it sa

mathematical object that only existsto help you solve

the problem. Try not to confuse it with thereal wire of
radius b, b /

3. Carefully draw the magnetic field at all points on the amperian loop.

Although | have no idea what the magnitude of the

magnetic field is a any point on my amperian loop, the B
symmetry of the situation tells me that the direction of the A
magnetic field must be either clockwise or o .
counterclockwise. If the current isflowing out of the page, \
the field will be directed counterclockwise around the {
amperian loop.

Moreover, even though | don t know the magnitude of the f
field, | do know that the magnitude isthe same at every ‘\‘
point on my loop.

4. Write an expression for the path length parallel to the magnetic field.

The left side of Ampere slaw requires usto evaluate an integral around our amperian loop.
Theintegral requires usto find the dot product between the magnetic field and the differential
line element, and integrate this dot product around the entire loop. | mentioned earlier that you
should never have to actually do thisintegral (assuming you chose the correct amperian
loop). So why don t we have to do thisintegral ?



The vector dot product can be re-written as:

oBedl =o(B)(dl)cosd 15
where 0 isthe angle between the magnetic fidd andthe =" d
differential line element of the amperian loop. Traversing s %
our amperian loop countercl ockwise |eads to the diagram ‘

at right.

Notice that the magnetic field vector and the vector representing the differential element are
parald at every point on the amperian loop. This simplifies the left-hand side of Ampere s
law:

oBed =o(B)(dl)coséd
oBed =o(B)(dl)cosO
oBed =o(B)(dl)

Now note that the magnitude of the magnetic field isthe same at every point on the amperian
loop since every point is equal distance from the current distribution. Thus, the magnetic field
is constant and can be brought outside of the integral, leaving a pretty easy integrd to
evaluate,

oBed =o(B)d)
oBe+d =Bodl
oBed =BL

loop

Notice that the entire | eft-hand side of Ampere s Law reduces to the product of the magnetic
field magnitude and the length of the amperian loop, assuming theloop is parallel to thisfield.
Thus, because of our wise choice of amperian loop, all we really need to calculate isthe
length of the loop parallel to the magnetic field. For acircular loop:

L =L . =2

parallel loop —

10



5. Write an expression for iggosed, the current inside the amperian loop.

Since the amperian loop is outside of thereal wire, all of the current flowing through the wire
is enclosed by the amperian loop. Thus,

enclosed
6. Apply AmperesLaw and determine the magnetic field at all poi nts on this hypothetical loop.
oBe dl = luoienclosed

BL parallel = IUOI enclosed

B(27r) = w,
B= ,U_Oi
2

Thus, the magnetic field outside of the hollow-core wire looks exactly the same asthe
magnetic field outside of a norma current-carrying wire.

Now we have to repeat this anaysis for the other two regions.

Withinthewire: a<r <b

1. Choosethe appropriate amperian loop.
Again choose a circular amperian loop.

2. Carefully draw the hypothetical amperian loop at the location of interest.

Since we are trying to determine the magnetic field within
the actual wire, theradius of our amperian loop is greater
than a but less than b.

3. Carefully draw the magnetic field at all points on the amperian loop.

As before, the magnitude of the magnetic field must be
congtant at al points on the amperian loop and directed
counterclockwise.

4. Write an expression for the path length parallel to the magnetic field.
The length parallel to the magnetic field is again the length of the circular amperian loop:

Lparallel = I-Ioop = 2”
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5. Write an expression for iggosed, the current inside the amperian loop.

Since the amperian loop is within the wire, not al of the current in thewireis enclosed by the
loop. The amount enclosed can be expressed as the product of a current density (J) and the
cross-sectional area enclosed. First, snce the current is uniformly distributed throughout the
wire | can definethe current density as:

,J — Itotal

Aotal

J:mz—naz

Then, the current enclosed by the amperian loop isthe product of the current density and the
area enclosed by the loop:

ienclosed = ‘]Aenclosed

) i

lenclosed = (rbz — B2 )(nz - mz)
. _rr-a’.

Ienclosed - (m)l

6. Apply AmperesLaw and determine the magnetic field at all poi nts on this hypothetical loop.
oBedl = Lo
BL paratia = Hol engrosed
2 _ 52
B(27T) = (5 5)i
p=fol (o2
2m b*-a’

Thus, the magnetic field inside the hollow-core wire actually increases with increasing r, since
asr increases, more and more current is available to produce the magnetic field.

Insdethe hole:r <a

Since we must choose our amperian loop to have aradius
lessthan a, it islocated inside the hollow center of the

wire. Sincethereis no current enclosed by thisloop, the
magnetic field in thisregion must be zero.

12
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Activities



Determine the direction of the net magnetic field at each of the indicated points. The wires are long,
perpendicular to the page, and carry constant current either out of (+) or into (-) the page.

a
o
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o
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